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( ) Castelnuovo-Mumford regularity
( ) Wolfgang
Vogel [19]
$K$ ( ) $S=K[x_{\mathit{0}}, \cdots, X_{N}]$ $\deg_{\mathit{1}}\mathrm{Y}i=1$
$\mathrm{m}=(\dot{X}_{0}, \cdots, X_{N})$ $I$ $S$ (
$\text{ _{ }}..\text{ }$ homogeneous case )
$R=S/I,$ $\dim R=d$ $R$ $m$-regular
$[H_{\mathrm{m}}^{i}(R)],$ $=0$
for all $i,$ $l$ with $i+l>m$ $|\dot{\overline{I}}_{-}$- (cf. [21]) $P$
$S$- $R$ $p$-th $p+m$
(cf. [4]) $R$ $m$-regular /J $m$ $R$ Castelnuovo-Mumford regularity
$\mathrm{r}\mathrm{e}\mathrm{g}R$
.
$S$- $M_{\text{ }}$ $i$
$a_{i}(M)=\mathrm{m}\mathrm{t}\lambda \mathrm{X}\{\ell\in \mathrm{Z}|[H_{\mathrm{m}}^{i}(M)]_{t}\neq 0\}$
$H_{\mathrm{m}}^{i}(M)=0$ $a_{i}(\Lambda \mathit{4})=-\infty$ $M$ a-invariant
(cf. [7]) $a(M)=a_{\mathrm{d}}\mathrm{i}\mathrm{I}\mathrm{l}1M(M)$
$\mathrm{r}\mathrm{e}\mathrm{g}R=\max\{a_{i}(R)+i|i\in \mathrm{Z}\}$
$R$ locally Cohen-Macaulay equi-dimensional ( $\mathfrak{k}\mathrm{i}|\mathrm{J}$ $l(H_{\mathrm{m}}^{i}(R))<\infty$ ,
$i\neq d)$
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$k\geq 0,1\leq r\leq d$ $R$ $(k, r)- \mathrm{B}\mathrm{u}\mathrm{c}\mathrm{h}\mathrm{s}\mathrm{b}\mathrm{a}\mathrm{U}\iota\iota 1$
(cf. [5, 10, 12, 16, 17]) $R$ $(k, r)- \mathrm{B}\mathrm{u}\mathrm{C}\mathrm{h}_{\mathrm{S}\mathrm{b}}\mathrm{a}\mathrm{u}\mathrm{m}$ $R$
$f_{1},$ $\cdots$ ,. $f_{l},$.
$\mathrm{m}^{k}H_{\mathrm{m}}^{i}(I\{/(f_{1}, \cdots,\dot{f}j)R)=0$ . .
for all $i,j$ with $i\leq r-1$ and $i+j<d$ $(\mathrm{O}, r)-,$ $(1, d)-,$ $(k, 1)-$
Buchsbaum Cohen-Macaulay, Buchsbaum, k-Buchsbaum
$R$ $R$ $k$-Buchsbaum $k(\geq 0)$ $k(R)$
$K$ Proj $S=\mathrm{P}_{K}^{N}$ $X$ $X$ $(k, r)$-Bucfisbaum
$R$ , $r$ )-Buchsbaum $k(X)=k(R)$
$X$ Castelnuovo-Mumford regularity $\mathrm{r}\mathrm{e}\mathrm{g}X=\mathrm{r}\mathrm{e}\mathrm{g}R+1$
$X$ $I$ $X$ $K$
$R=S/I$ $X$ $I$
2 $|_{--}-$ $\mathrm{r}\mathrm{e}\mathrm{g}X$ $X$ $\mathrm{c}\mathrm{o}\dim X$
$\deg X$ Eisenbud-Goto [4] Regularity Conjecture
$\mathrm{r}\mathrm{e}\mathrm{g}X\leq\deg X-\mathrm{C}\mathrm{o}\dim X+1$
Bayer-Mulnford [2]
1 [8] 2 3
$[14, 25]$ [13] 4
$X$ $R$
$\mathrm{r}\mathrm{e}\mathrm{g}X$ .|-. $X$ arithmeti-
cally Cohen-Macaulay $R$ Cohen-Macaulay Uniform
Position Principle
$\mathrm{r}\mathrm{e}\mathrm{g}X\leq\lceil(\deg X-1)/\mathrm{C}\mathrm{o}\dim X\rceil+1$
St\"uckrad-Vogel $[27, 28]$ $X$ arithmetically Buchsbaum
$R$ Buchsbaum
$\mathrm{r}\mathrm{e}\mathrm{g}X\leq\lceil(\deg X-1)/\mathrm{c}\mathrm{o}\dim X\rceil+1$
( Goto Buchsbaum [6]
) $R$ Cohen-Macaulay Buchsbaum
. $\mathrm{r}\mathrm{e}\mathrm{g}X$ locally
Cohen-Macaulay and equi-dimensional refinement $(k, r)$ -Buchsbaum
$X$ $(k, r)$ -Buchsbaum $\text{ }\mathrm{B}\#$ $R$ $(k, r)- \mathrm{B}\mathrm{u}\mathrm{C}\mathrm{h}\mathrm{s}\mathrm{b}\mathrm{a}\mathrm{u}\mathrm{m}$
reg $X\leq\lceil(\deg X-1)/\mathrm{c}\mathrm{o}\dim X\rceil+C(k, r,\dim X)$ ,
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$C(k, r, \dim X)$ $C(k, r, \dim X)$ $k,$ $r,$ $\dim X$
$k\geq 1$ Nagel-Schenzel [23] (
Hoa-Miyazaki [11] $)$ $C(k, 1, \dim x)\leq(2\dim X-1)\cdot k-d+1$
Nagel-Schenzel [24] $C(k, 1, \dim x)\leq\dim X\cdot k$ - Hoa-Vogel
[12] $C(k, r, \dim X)\leq(r-1)\cdot k+(\mathrm{d}\mathrm{i}\iota\iota 1X+2-r)(\dim x+1-r)/2-\dim X+1$
[ $19|$ Theorem 1
Theorenl 1 $([19, (3.2),(3.3)])$ . $|-$-
$C$ ( $k,$ $r,$ dinl $X$ ) $\leq\dim X\cdot k-r+1$
$C(1, r, \dim x)\leq\lceil d/r\rceil$
[$-$- $\mathrm{r}\mathrm{e}\mathrm{g}R$ a-invariant $(\mathrm{c}\mathrm{f}. [7])$
Theorem 1 [18] $R$ $(k, r)- \mathrm{B}\mathrm{u}\mathrm{C}\mathrm{h}\mathrm{s}\mathrm{b}\mathrm{a}\mathrm{u}\mathrm{m}$
Theorem 2, Theorem 3
Theorem $2([19, (2.8)])$ . $k^{\alpha}$ $r$ $k\geq 1,1\leq r\leq d$ $X_{1_{)}}\cdots,$ $x_{r}$
$R$ 1 – $R$ $(k, r)$-Buchsbaum
$\mathrm{r}\mathrm{e}\mathrm{g}(R)\leq a(R/(x_{1}, \cdots, X_{r})R)+(d-r)+$ ( $d$ –depth $R$ ) $k-r$
Theorem $3([19, (2.10)])$ . $r$ $1\leq r\leq d$ $x_{1},$ $\cdots,$ $x_{r}$ $R$ 1
– $R$ $(k, r)$-Buchsbaum
$\mathrm{r}\mathrm{e}\mathrm{g}(R)\leq a(R/(x_{1}, \cdots, X_{r})R)+(d-r)+\lceil$ ( $d$ –depth $R$ ) $/r\rceil-1$
Ballico [1] semi-uniform position
(cf. [24, (4.6)]) ( $0$ Uniform Position Principle
) Theorem 2, Theorem 3 Theorem 1
Lenizna 4. $X$ $K$ $R$
$a(R)+\dim R\leq\lceil(\deg X-1)/\mathrm{c}\mathrm{o}\dim X\rceil$
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Theorem 1 $C(k, r, \dim X)$ best possible
. (. Buchsbaum
) Miyazaki-Vogel $[19, (4.1),(4.2)]$
$k=1,2$ $r=1$ ($k=2$ [19] ) Theorem 12
sharp $X$ arithmetically Buchsbaum
reg $X\leq\lceil(\deg X-1)/\mathrm{C}\mathrm{o}\dim X\rceil+1$
$X$
Nagel [22] Cohen-Macaulay Yanagawa [29]
Buchsbaum curve –
Lemma 4 (Uniform Position $0$
Maroscia [15] )
$X$ $\mathrm{c}\mathrm{o}\dim X,$ $\deg X,$ $\dim X,$ $k(X)$
[24] (cf. [19])
$\mathrm{r}\mathrm{e}\mathrm{g}X\leq\lceil(\deg X-1)/\mathrm{c}\mathrm{o}\dim X\rceil+\dim X\cdot k(X)$
best possible $k(X)$
$\lceil(k(x)+1)/2\rceil$ surfaces
of minimal degree Cartier (cf. [30])
–
$C=\mathrm{P}_{K}^{1}$ $\mathcal{E}=\mathcal{O}_{\mathrm{P}_{K}^{1}}\oplus \mathcal{O}_{\mathrm{P}}\ovalbox{\tt\small REJECT}(-e),$ $(e\geq 0)$ ruled surface
$\pi$ : $X=\mathrm{P}(\mathcal{E})arrow C=\mathrm{P}_{K}^{1}$
[9] $X$ minimal section. $\pi$
section $c_{0}$ $\pi$ – $f$
$\mathrm{P}\mathrm{i}\mathrm{c}(X)=\mathrm{z}\cdot C_{0}\oplus \mathrm{Z}\cdot f$ $H=C_{0}+n\cdot f,$ $(n>e)$ $H$ very
ample $($ see, e.g., $[9])_{\text{ }}X$ $H$ $\iota$ : $Xarrow \mathrm{P}_{K}2n-e+1$
$X$ Cartier divisor $D=a\cdot C_{0}+b\cdot f$’ $a>0,$ $b>an$ $D$ linearly
equivalent nonsingular irreducible curve $\mathrm{Y}$ $Y$ $\mathrm{P}_{K}^{2n-e-1}$
116









$1,$ $f^{2}=0$ $\deg Y=(a\cdot C_{0}+b\cdot f).(c_{0}\backslash +n\cdot f)=$
$a(n-e)+b$ $\mathrm{Y}$ $X$ $\mathcal{I}_{Y/X}$
$\oplus\ell\in \mathrm{z}\mathcal{I}_{Y}/X(l)\cong\oplus_{\ell\in \mathrm{Z}}\mathcal{O}\mathrm{P}(g)((l-a)\cdot C_{0}+(\ell n-b)\cdot f)$
$H_{\mathrm{m}}^{1}(R)\underline{\simeq}\oplus_{f}\in \mathrm{z}H^{1}(\mathrm{P}(\mathcal{E}), O\mathrm{p}\mathrm{t}e)((\ell-a)\cdot C_{0}+(x_{n-}b)\cdot f))$
$a_{-}’(R)= \max\{\ell\in \mathrm{Z}|H^{\underline{?}}(\mathrm{P}(\mathcal{E}), \mathcal{O}\mathrm{p}(\mathcal{E})((x-a)\cdot C_{0}+(\ell n-b)\cdot f))\neq 0\}$
$H^{1}(\mathcal{O}_{\mathrm{P}(\epsilon_{)}}(\alpha\cdot c0+\beta\cdot f))$ $H^{2}(O\mathrm{p}(\mathcal{E})(\alpha\cdot C0+\beta\cdot f))$
$H^{1}\neq 0$ $\alpha,$ $\beta$ $\alpha\geq 0,$ $\beta\leq e\alpha-2$ \alpha $\leq-2$ ,
$\beta\geq e\alpha+e$ $H^{2}\neq 0$ $\alpha\leq-2,$ $\beta\leq-2-.e$
Proposition 5
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